Abstract-We present a model to describe the origin of non-proportional dependence of scintillator light yield on the energy of an ionizing particle. The non-proportionality is discussed in terms of energy relaxation channels and their linear and non-linear dependences on the deposited energy. In this approach, the scintillation response is described as a function of the deposited energy deposition and the kinetic rates of each relaxation channel. This mathematical framework allows both a qualitative interpretation and a quantitative fitting representation of scintillation non-proportionality response as function of kinetic rates. This method was successfully applied to thallium doped sodium iodide measured with SLYNCI, a new facility using the Compton coincidence technique. Finally, attention is given to the physical meaning of the dominant relaxation channels, and to the potential causes responsible for the scintillation non-proportionality. We find that thallium doped sodium iodide behaves as if non-proportionality is due to competition between radiative recombinations and non-radiative Auger processes.
I. INTRODUCTION

I
NORGANIC scintillators were widely studied within the past half century, driven to a large degree by the needs in areas such as medical imaging, high energy physics, security inspection, and monitoring systems. This led to the discovery of many new scintillator materials [1] , [2] and to a better understanding of the physical processes governing the transformation of ionizing radiation into scintillation light [3] , [4] .
Nonetheless some issues still need to be solved. One of the major challenges for the scintillation community is to push the limits of energy resolution downward. The energy resolution of scintillators is for some reason poorer than one expects on statistical grounds [5] . This significant degradation is mainly due to the non-proportionality response of scintillators to ionization radiation [6] , [7] . At present, the origin of non-proportionality is not clearly understood and it is not possible to select materials for which non-proportionality effects can be estimated a priori.
In this paper, a phenomenological model is presented to study qualitatively and quantitatively the proportionality response of scintillator materials. The model is discussed in terms of energy relaxation channels and their linear and non-linear dependences on the deposited energy. Based on this model, the electron response of thallium doped sodium iodide is analyzed. The data together with the model provide us with insight of the potential causes of NaI:Tl non-proportionality.
II. PHENOMENOLOGICAL MODEL
In first approximation, two main characteristic shapes are observed in scintillator non-proportionality response:
• Type 1: The scintillation response curve is nearly constant at high excitation energy and decreases with decreasing excitation energies (Fig. 1 ). This kind of response is the most common case. Oxides, lanthanum halides, and intrinsic undoped scintillators exhibit this type 1 behavior.
• Type 2: The scintillation response curve shows a maximum for intermediate excitation energies and a decrease with increasing and decreasing excitation energies (Fig. 1 ). This kind of response is typical for doped alkali halides. Our approach is aimed at describing and explaining the origin of Type 1 and Type 2 non-proportionality response. It is articulated around a model that includes two main processes: the track U.S. Government work not protected by U.S. copyright. Fig. 2 . Scheme of track created by an electron [9] . The expended area shows the track section.
creation and scintillation mechanisms and that allows us to simulate the proportionality response of materials.
A. Track Model
In a scintillator, the track created by a high energy particle is complex and depends on numerous parameters such as energy and type of particle, lattice, etc. A complete and rigorous model describing the process is outside the boundaries of this article. In our approach, we use the time and space dependence of the deposited energy density, to model the track. From the calculation of , one can extrapolate the density of energy carriers, also defined for any position along the track, and at any time, t, after the absorption of the initial particle. Note that this carrier density is just the energy density divided by a constant (the energy needed to create a carrier). The track is assumed to be unaffected by any changes in particle direction and has a cylindrical shape (radius ). is determined from the linear deposited energy density , the energy to create an excitation and the radius of the track .
is assumed to be equal to with a constant between 2 and 3 and the energy gap of the scintillator [8] : (1) with defined as along the track and along the radius of the track. In the hypothesis of a cylindrical track, is calculated for less than . For higher than , is equal to 0 (Fig. 2) . The energy gap of materials is known from literature and the radius of the track can be estimated from the mean free path of low energy electrons (typically nanometer scale for electrons with an energy between 10 and 100 eV- Fig. 3 and discussion below). The linear deposited energy has to be calculated.
In order to obtain the electron stopping power over a large range of energy (from about 10 eV to 1 MeV), we need to use a different approach than the analytical calculation of with the familiar Bethe-Bloch formula, which is valid only for energies higher than 10 keV. To do so, one can employ many approaches which include calculations of energy loss function that rely on a number of approximations (see, e.g., [10] , [15] ). We use a modified form of these approximations, which helps us to estimate the stopping power in a wide energy range from several eV to 1 MeV (for energies below electron-positron creation threshold). The energy losses can be described in polarization approximation as: (2) where and are the maximal and minimal momentum transfer, respectively. For the relativistic case:
The exchange of indistinguishable electrons is not included in this form of the stopping power. However this effect modifies the stopping power only when the energy of the secondary electron and scattered primary electron are about the same, i.e. the exchange modifies mainly the low-energy part of the stopping power (below mean ionization energy), and the decrease is no more than a factor of two.
We will use the approximation when the q-dependence of dielectric permittivity is neglected:
. In this case we neglect the effects connected with the Bethe ridge (see, e.g., [10] ), i.e. large-angle scattering on quasi-free electrons which slightly overestimates the stopping power. This approximation is equivalent to using the Optical Oscillator Strength (OOS) approximation instead of the Generalized Oscillator Strength (GOS) approximation (see, e.g., [10] , [11] ). The dielectric permittivity is calculated using the Evaluated Photon Data Library (EPDL97) data bases developed at Lawrence Livermore National Laboratory. We apply these data bases mainly for ionic crystals. In this case we use the following corrections: 1) we modify the ionization energies of elements using the rigid shift of core level positions in order to obtain the correct ionization energies of shallow shells (a way to account for Madelung crystal potential), and 2) we change the population of the outer shells (e.g. for NaI we use the pure ionic model with 6 electrons at 5p iodine valence shell and zero electrons at 3s sodium shell). The partial photon absorption cross-sections from EPDL97 library are summed in order to obtain the imaginary part of dielectric permittivity . The real part of this function is reconstructed using the Kramers-Krönig procedure. Both and functions are checked using the sum rules for the total number of electrons per unit crystal cell and for the value of low-frequency dielectric permittivity. Therefore we verify that the resulting energy loss function shows the plasmon peak at the correct energies, and that the intensity of this peak is also realistic. Then the stopping power is calculated using the formula:
Figs. 3 and 4 present
and Mean Free Path as a function of the electron energy calculated for a NaI crystal.
B. Scintillation Mechanism
After the track creation, the energy of the initial particle is assumed to be converted into energy carriers such as excitons, electron-hole pairs, and self-trapped excitons. The density of each type of energy carrier at , is calculated from (1) and a branching ratio between the different energy carrier types. The evaluation of the branching ratio is estimated from optical, scintillation data. Each of these energy carriers can undergo transport, trapping, transfer and/or relaxation mechanisms.
The model proposed is a statement that the time dependent density of each type of energy carrier, can be expressed for each point along the track by a simple ordinary differential equation.
is governed by a rate equation that contains both radiative and non-radiative terms. Each kinetic rate depends linearly or non-linearly on the density of each type of energy carrier. Upon solving this differential equation, one then has the density of each type of energy carrier as a function of time. Integrating over time gives the total light yield output for one infinitesimal track volume, and integrating over the track gives the light yield. This assumption assumes that the scintillation mechanism is not affected by the migration of the energy carriers. The assumption is valid for modern and commercial scintillators where the energy carriers relax very efficiently on emitting centers. This implies also that the migration of carriers from one part of the track to another is not included in the model.
More specifically, for one energy carrier the following equation applies: (4) where i and k are different energy carrier types (e.g. exciton and electron).
is the time dependent density of the th energy carrier type at one point along the track.
are the scintillation mechanism kinetic rates for the th energy carrier type. Each is related to a different scintillation mechanism with a dependence on to the power of j. can correspond to an emission or a quenching mechanism, and , respectively.
are the transfer rates from the th to the th energy carrier type. As for , each energy transfer mechanism has a dependence on to the power of j. The initial conditions are determined from , the total deposited energy density at and at each point along the track. The branching ratio between the different energy carriers gives the distribution of over each energy carrier. Solving the coupled differential equation system (4) gives each energy carrier density at one point along the track as a function of time,
. From , one can determine the number of emitted photons per unit of volume at one position along the track for the th energy carrier type, ( Fig. 2) :
The total number of excitations per unit of volume at one position along the track for the th energy carrier type, is naturally given by . The decay curve for one scintillation event of initial energy and for the th energy carrier type, , is given by the integration of over the track, normalized by the total number of charge for the th energy carrier, :
The response for one scintillation event of initial energy and for the th energy carrier type, is derived from the same relation by integrating over time: (7) In this article, the limits for the time integration are from 0 to 1 ms. Compared to the time response of the scintillator, we chose this large time constant to integrate the totality of the light output. In forthcoming studies, we plan to compare the role of the integration interval on the electron response by tuning both experimental and modeled gate widths.
Finally, the decay curve and the response of a scintillator for an excitation is calculated by summing the decay curves and the response of each energy carrier: (8) and (9) The proportionality curve is constructed by repeating the calculation of over a broad range of particle energy values.
C. Relation Between Model Parameters and Physical Mechanisms
It is obvious that for simulating the total light yield, we need to know the rates of the various processes considered above in a scintillator. Although there are many parameters in this model, it turns out that only a few of the parameters controls the shapes of the non-proportionality response curves and the placement along their energy scale. In most of the cases, the dependence of rates can be restrained to linear, quadratic and cubic types ( , 2 and 3). It is also important to note that all the parameters represent physically possible processes, as explained below
• Linear rates-: The most common 1st-order mechanisms are the radiative and non-radiative decay of an emitting center, and , respectively. There are numerous examples of those processes in scintillators. Excitonic emission and quenching via non-radiative multiphonon relaxation are typical examples. Another case of 1st-order mechanism corresponds to energy transfers involving one donor and one acceptor, , such as excitonic energy transfer to an activator ion (see for instance lanthanum halides scintillation mechanism [16] ).
• Quadratic rates-: 2nd-order processes are well known in scintillators and occur when the emission involves the binary electron and hole capture at the luminescent ion, i.e. [17] . Less known are the mechanisms linked to a quadratic quenching of the energy, , such as exciton-exciton collisions and resonant interactions of close excitations even if immobilized on activator ions [18] . In those cases, one excitation can make a transition to the ground state while exciting a nearby exciton to a high-lying state which decays non-radiatively back to the lowest excited state or to the ground state. The generic term for these mechanisms is Auger recombination whether radiative or not [19] .
• Cubic rates-: The experimental evidence of a 3rd-order mechanism is found in semiconductors [20] , [21] and enhancing light emission device communities [22] . The mechanism corresponds to the quenching of the energy carriers via the interaction of 3 particles, 2 electrons and 1 hole or 1 electron and 2 holes. The physical process is very similar to the one described previously for the exciton Auger decay. An electron and a hole recombine transferring their energy to the third particle. This particle loses its additional energy via thermalization and is trapped (non-radiative Auger de-excitation with trapped carriers). Actually taken independently of each other, the above described linear, quadratic and cubic rates lead to a flat response as a function of the energy. It is the competition between the kinetic rates that is responsible of the shape of the proportionality response. If all the processes are potentially active in a scintillator, usually the number of parameters is limited to few constant rates. The set of parameters is determined according to the scintillation mechanism for each scintillator studied. On the contrary, a minimum of parameters is needed to reproduce and fit type 1 and type 2 non-proportionality curves. This minimal number is discussed in the next paragraph.
III. PROPORTIONALITY RESPONSE: QUALITATIVE APPROACH
A. Simplified Case
While equations (4)-(9) look formidable, in most cases only a few kinetic rates and are necessary to describe the non-proportionality curve. Type 1 and type 2 responses (Fig. 1) can be reproduced by taking into account only the main energy carrier present in the scintillation mechanism and only three and four relaxation channels, respectively. Although this is definitely an oversimplification and ignores many processes, this approach is a first approximation study. It highlights the minimum and mandatory parameters to reproduce Type 1 and 2 curves and consider only one energy carrier type. For a more complete study, the number of energy carriers and parameters is dependent on the complexity of the scintillation mechanism and different for each material studied. Such study will be published later for specific materials.
• For Type 1 response: Linear emission and quenching (kinetic rates and , respectively) and Quadratic emission (kinetic rates ). Eq. (4) becomes:
• For Type 2 response: Linear emission and quenching (kinetic rates and , respectively) Quadratic quenching giving and
For Type 1 response at high density of energy carrier, the local probability of emission is dominated by the first order terms.
(and so ) is small for high energy particles. The response is governed by and that is independent of the initial energy of the particle. This part of the electron response curve is flat. With decreasing energy (increasing and so ) the second order term becomes dominant. The light yield decreases. Below 5 keV, the curve reaches its asymptotic behavior corresponding to . At intermediate energy the response is governed by the competition between the linear and quadratic terms.
Type 2 response is also dominated by the first order terms at high density of excitation. The response is governed by and . With decreasing energy (increasing ) the second order term becomes dominant. The light yield increases. When the third order term becomes of the same order as the second order emission the response presents a maximum, around 10 keV in Fig. 1 . Below this maximum, the response undergoes a decrease of the relative light output due to the quenching mechanism . In this energy range, the response follows an asymptotic behavior .
B. Application to Thallium Doped Sodium Iodide
In Fig. 5 the relative light yield for a NaI(Tl) crystal is reported as a function of the electron energy. The measurement was recorded with SLYNCI [23] , [24] , a new facility using the Compton coincidence technique [25] . The data distribution is normalized at the energy value of 350 keV. The shape is characteristic of thallium doped alkali halide at room temperature. The response shows a maximum around 15 keV. Above 15 keV, the light yield decreases. The minimum value in our measured energy range is reached at 450 keV for a relative light output of 98,5% compared to the response recorded at 350 keV. Below 15 keV, the light output decreases continuously. The minimum value in our measured energy range is obtained at 3 keV and corresponds to 105% of the response recorded at 350 keV.
As mentioned in the previous paragraph, the simplest model to reproduce this type of non-proportionality response includes one differential equation with 4 kinetic rates, , , and (cf (11)). To constrain our model we used x-ray excited decay curve to determine the value of . The x-ray beam has mean energy of 19 keV for a pulse duration of about 40 ps fwhm [26] . Fig. 6 shows the decay curve. As the shape of the decay curve presents a complex structure, includes a rise time and is not a simple exponential, the data are fitted using (12) to estimate the intrinsic decay time [27] .
The fitting curve is shown on Fig. 6 . The values and extracted from the fitting procedure are 170 ns and 60 ns, respectively. gives a linear constant rate, , of 5.9 . The three other parameters, , and , are used as free input parameters allowing the model to fit NaI:Tl non-proportionality response. 
C. Results
The proportionality response calculated from the model is presented in Fig. 5 . The result is in reasonable agreement with the data all over the energy range. Although our model includes only three free parameters, it reproduces the important qualitative features and trends of the electron response of NaI:Tl. The biggest discrepancy between the data and the model are found at low energy, below 10 keV, where the experimental error is the largest. In this energy range, the difference between the experimental and calculated response correspond to less than 5%. Table II shows the parameters extracted from the fitting procedure of the model.
IV. DISCUSSION
The aim of this paper is to develop a simple model yielding intuitive trends influenced by choices of a few identifiable physical parameters. This leads to a number of approximations in the treatment of the proportionality response. They are mainly linked to the simplicity of the model used to simulate the track creation and the validity of the scintillation mechanisms depending on the recombination rate equations. Both approximations are discussed in Section IV-A.
Finally, an attempt to link the parameters extracted from the model to microscopic mechanisms is done. For the first time, the potential causes of non-proportionality in NaI:Tl are discussed in Section IV-B.
A. Validity of the Model: Track and Scintillation Mechanisms
The validity of the track creation model has three main issues related to the use of as unique parameter: • Validity at low electron energies • q-dependence of electron scattering • Electron exchange. The calculation of over a large range of energy, from the band gap energy of the material to 1 MeV, is a major step in our model. The determination and validation of this calculation is easy at high energy but the extrapolation at low energy is not trivial. To validate it at high energy, the curve calculated with the relativistic Bethe-Bloch formula is plotted in Fig. 4 . The agreement between the two curves is excellent above 10 keV, the range of validity of the Bethe-Bloch formula. At low energy, below 100 eV, the lack of an analytic model to describe the linear energy density makes any direct comparison impossible. The validity of our model is estimated by comparing experimental data taken from electron energy loss spectroscopy literature giving the mean free path of low energy electrons with the value extrapolated from our calculation. The literature gives typical values between 1 and 10 nm for the mean free path of low energy electrons (see e.g., [13] , [28] ). These values are in good agreement with the ones extracted from our model, typically few nanometers (cf Fig. 3 ). Another issue in our model is the constraint assigned to the angular momentum transfer in scattering on quasi-free electrons, q. q is fixed to 0. We mentioned that this approximation leads to a slight overestimate of the deposited energy density. In addition, the lack of correction factor for electron exchange in our formula also tends to increase the values at low energy. The combined effect of these parameters overestimates below 100 eV. We evaluated the correction factor to be between 2 or 3 in this energy range compared to our calculation. The generalization of this formula to account for q-dependence of the dielectric permitivity and electron exchange will be presented elsewhere. By accounting for large-angle scattering, our track creation model will be strengthened by allowing a valid description of the track branching. This point is also valid for the delta rays creation during the track formation. This mechanism is not accounted for in our model, but is certainly present in the measured electron response. This process could be of importance to explain the discrepancy observed at low energy between the experimental data and the model output.
The use of a scintillation model that depends on concentration of excitation needs also some clarification. The main issue with this hypothesis is the definition of energy carrier density by itself. The density is well defined in the track and in the area surrounding of the track. The number of energy carriers per volume unit is high. The use of the density becomes more problematic when the number of excitations is small or when the volume that the charge carriers occupy expands and becomes large. Our hypothesis is valid outside of these two extreme cases. It implies for the scintillation mechanism a transfer of the energy to the emitting centers or a trapping mechanism that is very efficient and occurs promptly after the track creation. In this hypothesis the use of density remains valid. In other terms the validity of our model is correct when the the scintillation mechanism is not governed by the migration of the charge carriers or when this migration mechanism is not the dominant process. This situation is usually the case at room temperature for common bright scintillators. At low temperature and for less efficient material, the validity of model should be checked.
B. Relation Between Model Parameters and Scintillation Mechanism
We applied our minimalist model to the electron response of NaI:Tl in order to determine if it contained sufficient detail to be useful. Despite the simplicity of the model, it shows a good agreement with the experimental result and can be used as a first order to discuss the causes of non-proportionality in NaI:Tl.
The necessity of having linear, quadratic and cubic kinetic rates in the model to reproduce the correct response of the scintillator may be understood by summarizing the scintillation properties of undoped and Tl doped NaI. The undoped compound presents an excitonic emission with a broad band centered around 300 nm [30] , [31] . This emission undergoes a strong thermal quenching with increasing temperature [32] . At low temperature, below 77 K, the light output is 76,000 ph per MeV while at room temperature very little light can be detected [33] . When thallium ions are added, the scintillation properties change. The emission becomes mainly due to the thallium ions and corresponds to a broad band centered around 420 nm [36] . The light output is stable at room temperature [32] . The recorded scintillation light output is of 38,000 ph per MeV at room temperature [33] . Moszynski et al. have studied the temperature dependence of NaI:Tl decay curve under gamma excitation [34] , [35] . They show a strong temperature dependence of the NaI:Tl response. Below 0 , the decay curve becomes complex with the presence of multi exponential decay components, mainly a fast and a slow component. At low temperatures i.e. below 270 K, the slow component contribution reaches 60% of the total light, while at an elevated temperature the initial slow decay was replaced by a delayed maximum and the slow component becomes insignificant.
Based on the scintillation properties of undoped and thallium doped sodium iodide, we propose that the observed kinetic rates can be assigned to the following physical processes:
• The linear emission mechanism is the energy transfer from self trapped excitons to thallium ions.
• The linear quenching mechanism is due to several mechanisms: the thermal quenching of the STE either due to configurational quenching or dissociation of STE and/or the trapping of an electron or hole on defects.
• The quadratic emission mechanism is the sequential capture of an electron/hole pair at a thallium site.
• The cubic quenching mechanism is attributed to nonradiative Auger processes between two electrons and a hole. These hypotheses are in qualitative agreement with the undoped and doped scintillation properties of NaI. At low temperature in the pure compound the STE thermal quenching is negligible. The emission is purely excitonic. When the temperature increases the energy loss due to the thermal quenching of the STE becomes dominant over the emission. With dopant ions, this energy loss mechanism competes with the STE to Tl energy transfer. It leads to the characteristic thallium emission, with only one emitting center. This mechanism is described via the constant rate in our model. It is a linear process as a function of the density of STE. One STE gives one excited Tl that relaxes to emit one photon. These hypotheses are also consistent with the time response presented in Fig. 6 and in [34] , [35] . We mentioned a complex decay curve of NaI:Tl with the presence of an important rise time in the prompt scintillation light and two decay components. The two decay components are ascribed to the two different energy transfer mechanisms, and , respectively. The prompt one is related to the sequential capture of the electron/hole pairs at a thallium ion. This mechanism is quadratically dependent on the density of electron and hole. The emission takes place when one electron and one hole are both trapped at a thallium site. The delayed energy transfer corresponds to two different processes: the energy transfer from STE's to Tl ions via and/or the delayed sequential capture of an electron/hole pair at a thallium site. The sequential capture is delayed due to the trapping and release of an electron or a hole from a shallow trap. Neutral and divalent thallium ions are known to be electron and hole traps in NaI, respectively. The rise time shown in the decay is attributed to the delay needed for the STE's to transfer to Tl ions. These hypothesis can also explain the temperature dependence of the NaI:Tl decay curve under gamma excitation published in [34] , [35] . The delayed energy transfers are highly temperature dependent. At low temperature, the STE to Tl energy transfer and the release of either an electron or hole become slower. This leads to the appearance of the slow component in the decay curve and an increase of its contribution. While the temperature increases the energy transfers become faster. At high temperature, fast and slow components can not be discerned anymore. For intermediate temperature, the delayed transfer is visible in the rise time of the decay curve such as in Fig. 5 . While our simple model fits with good accuracy the response curve, Eq. (10) does not provide a tool to verify all the hypotheses presented above. A more accurate model would imply extensions of our ordinary differential equations. Each energy carrier, STE and electron/hole pairs, would correspond to one differential equation that should then be coupled to simulate the energy transfer between the two different charge carriers. In future work, we intend to treat the more exact case of several energy carrier types.
V. CONCLUSION
A phenomenological model to study the proportionality response of materials was proposed. The model is based on the deposited energy density dependence of the scintillation mechanisms. It allows us to describe and explain the electron response of a scintillator in terms of intrinsic properties of the material. The numerical values extracted from the fitting procedure of the model allow us to determine and quantify the main relaxation channels responsible for the non-proportionality.
An example was given for the electron response of thallium doped sodium iodide. Based on the analysis, the potential causes of non-proportionality were proposed. The non-proportional response of NaI:Tl is due to three different mechanisms:
• a linear emission mechanism due to the energy transfer between self trapped excitons and thallium ions.
• a linear quenching mechanism due to the thermal quenching of the STE and/or traps.
• a quadratic emission mechanism due to the sequential capture of an electron/hole pair at a thallium site.
• a cubic quenching mechanism attributed to non-radiative auger processes between two electrons and a hole. The competition between all those mechanisms determines the scintillation response of thallium doped sodium iodide as a function of the deposited energy density. At low density, the emission of NaI:Tl is mainly due to the energy transfer from STE to Tl ions , . The maximum light output can not be reached in this energy range due to the thermal quenching of the STE's,
. When the density of charge carriers increases, the second order term increases. This mechanism is attributed to sequential capture of electron/hole pairs at a Tl site. This mechanism is dominant over the first order term for the electron energies between 10 keV and 1 MeV. The light output increases. At high density, the Auger processes between 2 electrons and a hole leads to an efficient quenching mechanism. The process becomes the dominant one for electron energies inferior to 10 keV. The light output decreases.
Finally, we demonstrated that the combination of accurate electron response data (recorded with SLYNCI apparatus) and model fitting allows a deeper understanding of proportionality in materials. Both provide further insights of the potential causes of non-proportionality. In forthcoming works, we plan to further validate our model by studying additional scintillators, developing more accurate scintillation mechanisms by taking into account the case of several energy carriers, and extending the experimental constraint of the fitting procedure by implementing the energy resolution as experimental input in addition to the proportionality response curves.
